Abstract. We will give an explicit upper bound for the number of solutions to cubic inequality |F (x, y)| ≤ h, where F (x, y) is a cubic binary form with integer coefficients and positive discriminant D. Our upper bound is independent of h, provided that h is smaller than D 1/4 .
Introduction
Let F (x, y) be a binary form with integral coefficients. Also assume that the maximal number of pairwise non-proportional linear forms over C dividing F is at least 3. For positive integer h consider the following Thue inequality
This inequality can be considered as a finite number of Thue equations
where 0 < |m| ≤ h. By a well-known result of Thue [12] , the equation (2) has only finitely many solutions in integers x and y. From this, one can easily deduce that inequality (1) has only finitely many solutions in integers x and y.
In this manuscript, we will study the inequality |F (x, y)| ≤ h where h is a positive integer smaller than D 1/4 . Our goal is to give an upper bound for the number of solutions to the above inequality. For a treatment of cubic Thue inequalities with negative discriminant, we refer the reader to a work of Wakabayashi [14] , where Padé approximations and Ricket's integrals are used. In general, upper bounds for the number of solutions to a Thue equation F (x, y) = m, depend on the number of prime factors of m (see [10] , [2] and [13] ). The problem of counting the number of solutions of Thue inequalities F (x, y) ≤ h and obtaining upper bounds independent of the value of h for "small" integers h has been studied by many mathematicians. In 1929, Siegel [11] , by means of an approximation method in which hypergeometric functions are used, showed that the number of solutions of the cubic inequality
in integers x, y with gcd(x, y) = 1, y > 0 or (x, y) = (1, 0) solutions in coprime integers x and y with y = 0.
The upper bound in Theorem 1.1 gets larger as ǫ approaches 0. It turns out that we can get a better upper bound if we use the value of discriminant in our upper bound; in other words, if we are willing to have more dependence on our form F in the upper bound. Note that our bound in the above theorem can be seen as an absolute bound, as the number of conjugacy classes of cubic binary forms with bounded discriminant is finite.
It is worth to mention here that in order to have our upper bounds independent of h, we must take h smaller than D 1/4 , and therefore, in some sense the dependence of h on D is sharp in Theorems 1.1 and 1.2. A cubic form of discriminant D looks generically like
where l i are small numbers (see the formula for discriminant in (5) ). Now consider the inequality G(x, y) ≤ k.
, where v > 1. Then for any integer X with |X| ≤ v, the pair (X, 0) is a solution to (3) . Therefore the number of solutions depends on v and consequently on k. To avoid only having solutions of the form (x, 0), we can let SL 2 (Z) act on the form G and construct non-trivial solutions; solutions (x, y) with y = 0 (see Section 2 for details on equivalent forms). It is well-known that a binary cubic form with positive discriminant D is equivalent to a cubic form, namely a reduced form, with leading coefficient that is bounded in absolute value by D 1/4 . Reduced forms are defined in Section 2. The problem in hand has been studied by Evertse and Győry (see [7] and [8] ) in a general set up; they have considered the Thue inequality 0 < |F (x, y)| ≤ h for binary forms of arbitrary degree n ≥ 3. Define, for 3 ≤ n < 400
and for n > 400 (N (n), δ(n)) = (6n, 120(n − 1)) .
They prove that if
then the number of solutions to 0 < |F (x, y)| ≤ h in co-prime integers x and y, is at most N (n). Further, Győry [9] showed for binary forms F of degree n ≥ 3, that if 0 < a < 1 and
then the number of solutions to 0 < |F (x, y)| ≤ h in co-prime integers x and y is at most 25n + (n + 2) 2 a + 1 4 , and if F is reducible then at most
Here we are able to improve these results for the particular case of n = 3. The cubic equation
has been very well studied. Evertse [6] refined the techniques used in [11] to show for irreducible cubic form F of positive discriminant, that equation (4) has at most 12 solutions in integers x and y. Later, Bennett [1] improved this upper bound to 10. Here we will appeal to methods that deal with the equation |F (x, y)| = 1, particularly those from [6] , to prove similar upper bounds for the number of solutions to (1), when h = 1 2π (3D) 1/4−ǫ for a positive value of ǫ. Throughout this manuscript, by a solution (x, y), we mean x, y ∈ Z, y = 0 and gcd(x, y) = 1.
Invariants and Covariants of Binary Cubic Forms
Let F = ax 3 + bx 2 y + cxy 2 + dy 3 be an irreducible binary cubic form. The discriminant of F is
where α 1 , α 2 and α 3 are the roots of polynomial F (x, 1). For the cubic form F , we define an associated quadratic form, the Hessian H = H F , and a cubic form G = G F , by These forms satisfy a covariance property; i.e.
We call forms F 1 and F 2 equivalent if they are equivalent under GL 2 (Z)-action; i.e. if there exist integers a 1 , a 2 , a 3 and a 4 such that
for all x, y , where a 1 a 4 − a 2 a 3 = ±1.
We denote by N F the number of solutions in coprime integers x and y of inequality F (x, y) ≤ h. If F 1 and F 2 are equivalent, then
For F (x, y) = ax 3 + bx 2 y + cxy 2 + dy 3 with discriminant D, it follows by routine calculation that
and
Note that if F has positive discriminant then H is positive definite. Further, these forms are related to F (x, y) via the identity
Binary cubic form F is called reduced if the Hessian
It is a basic fact (see [5] ) that every cubic form of positive discriminant is equivalent to a reduced form F (x, y) . 
3D.
Proof. This is Lemma 5.1 of [1].
Reduction to a Diagonal Form
Let √ −3D be a fixed choice of the square-root of −3D. we will work in the number field M = Q( √ −3D). By syzygy (6), one may write
where
Then U and V are cubic forms with coefficients belonging to M such that corresponding coefficients of U and V are complex conjugates. Since F must be also irreducible over M , U and V do not have factors in common. It follows that U (x, y) and V (x, y) are cubes of linear forms over M , say ξ(x, y) and η(x, y). Note that ξ(x, y)η(x, y) must be a quadratic form which is cube root of H(x, y) 3 and for which the coefficient of x 3 is a positive real number. Hence we have
ξ(x, y)η(x, y) = H(x, y) and ξ(x, y) ξ(1, 0) and
The reason for the last identity is that for any pair of rational integers x 0 , y 0 , ξ(x 0 , y 0 ) and η(x 0 , y 0 )
are complex conjugates and the discriminant of H is −3D.
We call a pair of forms ξ and η satisfying the above properties a pair of resolvent forms. Note that there are exactly three pairs of resolvent forms, given by
where ω is a primitive cube root of unity. We say that a pair of rational integers (x, y) is related to a pair of resolvent forms if 
is at most 9.
The following is Lemma 1 of [6] .
Lemma 3.2. If D > 0 and if F is reduced and irreducible then
for x, y ∈ Z with |x| ≥ |2y|.
Evertse [6] uses the properties of a reduced form stated in Lemma 3.2 to obtain the following: Having Theorem 3.1 in hand and from (9), we conclude that there are at most 9 solutions (x, y) to inequality |F | ≤ h for which
All we have to do is to give an upper bound for the number of solutions (x, y) for which
In order to prove our main result, in Section 5, we will show Remark. In the above Theorem, two upper bounds are given. The first one is independent of the discriminant.
Gap Principle
Let us fix the resolvent forms (ξ, η). Our aim is to give an upper bound for the number of primitive solutions (x, y) that are related to (ξ, η). We will first derive an upper bound for 1 − η(x, y) ξ(x, y) .
From our definitions, we have
and will, in consequence of Lemma 2.1, assume H(x, y) ≥ √ 3D 2 , whereby
Hence, by (7), we obtain
Remark. From here it is obvious that h has to be bounded in terms of D. ξ(x,y) 3 . We have
Further, if |z| < 1, we have
Since 2 − 2 cos(3θ) = |z|, when |z| < 1 we have
We have assumed that (x, y) is related to (ξ, η). Therefore
We conclude that
By differential calculus
is increasing on the interval 0 < |θ| < π 3 and does not exceed
and similarly, when |z| < 1, from the fact that
as desired.
Suppose that we have distinct solutions to |F (x, y)| ≤ h, related to (ξ, η) and indexed by i, say (x i , y i ), with |ξ(x i+1 , y i+1 )| ≥ |ξ(x i , y i )|). Let us write
and ξ i = ξ(x i , y i ). Since ξ(x, y)η(x, y) = H(x, y) is a quadratic form of discriminant −3D, it follows that
and, since (x 1 , y 1 ), (x 2 , y 2 ) are distinct solutions to |F (x, y)| ≤ h, we have
By Lemma 4.1, we have
Since we assume that |ξ 2 | ≥ |ξ 1 
We have h = (3D)
. From (11), we have
. This implies
Using (12) for ξ 3 and ξ 2 , we obtain
Applying (12) once more, we get |ξ 4 | ≥ 8(3D) 1/4+7ǫ . Generally for k > 2, we have
Counting Small Solutions
We shall use our gap principle established in the previous section, to detect an integer k for which
After finding such k, we can deduce that there can be at most k − 1 solutions (x, y) related to a a fixed pair of resolvent form (ξ, η) satisfying
To find such k, by (13), it is sufficient for k to be large enough to satisfy
The following Lemma, together with Theorem 3.1, gives us our main result, Theorem 1.2. solutions in integers x, y with gcd(x, y) = 1 and 0 < H(x, y) <
Proof. First we substitute the value of h = (3D)
in equation (14) to get (15) (3D)
then the inequality (15) will hold. This means there are at most This means there are at most log 3 8(( 6. acknowledgements I would like to thank the referees for careful reading and helpful suggestions. This manuscript was written during my visits to Mathematisches Forschungsinstitut Oberwolfach and Max-Planck-Institut für Mathematik Bonn. I would like to thank both institutes for providing me with great work environments.
